A Hardy inequality is established for censored stable processes on a large class of bounded domains including bounded Lipschitz domains in R n with n ≥ 2.
Introduction.
In order to state the classical Hardy inequality (for Brownian motion) due to Ancona [2] , we first recall the following definition. where Cap is the Newtonian capacity in R n .
In [2] , Ancona showed that if D is uniformly ∆-regular in R n , n ≥ 3, there is a constant C > 0 depending only on n and the constant c in the definition of ∆-regularity (1.1) such that the following Hardy inequality holds where δ D (x) is the Euclidean distance between x and D c . Note that the Dirichlet integral in the right hand side of (1.2) represents the bilinear form associated with a Brownian motion killed upon leaving D. Hardy inequality plays an important role in probability and analysis, see, for example, Bañuelos [3] and Davies [10] .
This paper is concerned with obtaining Hardy inequalities for censored stable processes in D (see Theorem 2.3, Corollary 2.4 and Theorem 3.1 below) and for killed symmetric stable processes in D (see Theorem 3.2 below).
Recall that a symmetric α-stable process X on R n is a Lévy process whose transition density p(t, x −y) with respect to the Lebesgue measure is uniquely determined by its Fourier transform process in R n with α ∈ (0, 2). It is well-known that the Dirichlet form (E (α) , W α/2,2 (R n )) associated with X is given by .
Given an open set 
Here q.e. is the abbreviation for quasi-everywhere with respect to the Riesz capacity determined by (E (α) , W α/2,2 (R n )) (cf. [14] 
where
is the density of the killing measure of X D .
A domain D in R n is said to satisfy a uniform exterior volume condition if there is a 
Therefore, in this case, we trivially have the following Hardy inequality for killed symmetric stable processes in
In this paper we are mainly concerned with the following type of Hardy inequalities
for a certain class of domains D including bounded Lipschitz domains. In fact we will show that for a bounded Lipschitz domain D ⊂ R n , (1.9) holds for α ∈ (0, 1) ∪ (1, 2) and (1.10) 
Then one defines
. By the Plancherel theorem,
It is easy to see that (cf. Example 1.4.1 of [14] ) the Sobolev spaces defined by (1.4) and (1.11) are the same for 0 < s < 1 and that
By this alternative characterization, it is clear that
For any open set D ⊂ R n and s ∈ R, define H s
For a symmetric α-stable process X on R n with 0 < α < 2, typically lim t ↑τ D X t exists and belongs to D. We would like to extend X D beyond its lifetime τ D by the Ikeda-NagasawaWatanabe piecing together procedure described as follows.
. Iterating this procedure countably many times, we obtain a strong Markov process on D. This process Y is called a censored α-stable process in [6] and is proved there that its Dirichlet form is 13) and
. It was observed in [6] that the space F For an open set D ⊂ R n , define
It is known (cf. [23] 
exist positive constants c 1 and c 2 such that for all x ∈ and r ∈ (0, 1],
The notion of d-sets arises both in the theory of function spaces and in fractal geometry. It is known (see Proposition 1 in Chapter VIII of [16] This explains why we call inequality (1.9), in particular, (1.10) a Hardy inequality for censored α-stable process in D. We will prove Hardy inequality (1.9) and (1.10) by using complex interpolation methods.
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Complex interpolation.
We first recall the following definition from [18] . Let C denote the field of complex numbers. DEFINITION 2.1. Let X 1 ⊂ X 0 be a continuous dense injection of two Banach spaces. Let S = {z ∈ C; 0 ≤ Rez ≤ 1}, and S 0 denote the interior of S. Let H (X 0 , X 1 ) denote all the continuous bounded functions f : S → X 0 which are holomorphic in S 0 with f (iy) ∈ X 0 and f (1 + iy) ∈ X 1 for each fixed y ∈ R, and such that the following norm is finite:
For 0 ≤ θ ≤ 1, the interpolation space X θ with weight θ is defined by
The Banach spaces X 0 and X 1 are called an interpolation couple.
Using the result from [20] or page 211 of [21] , we see from
We record two basic facts about interpolation in the following Proposition, which are stated as 4 in [8] 
Recall that for an open set D ⊂ R n and 0 < s < 1, 
, and the norms of these two spaces are equivalent. In particular, for α ∈ (0, 1) into W s,2 (R n ) by [22] . The same map is thus continuous for −1/2 < s < 0, in view of the duality between W s,2 (R n ) and W −s,2 (R n ) (cf. [23] ). Thus for −1/2 < s < 1/2, there is a constant c = c(s) > 0 such that For 1/2 < s < 1, we know from Proposition 3.6 of Caetano [7] that the trace operator tr| ∂D : u → u| ∂D is a bounded linear operator from W s,2 (D) onto L 2 (∂D, H n−1 ). We refer the definitions of trace operator tr| ∂D to [7] . As any u ∈ W (
By the definition for W s,2 (D), we have for any
PROOF. Note that a bounded Lipschitz domain satisfies the condition of Theorem 2. 
Since D is a bounded n-set, it is well known (e.g. see Chapter VI of [16] ) that there is a bounded extension operator E :
On the other hand, Adams' embedding theorem (see Lemma 1 on page 214 of [16] given by (1.13) . From the compact embedding of W α/2,2 0 D, dx) . On the other hand, it is easy to see that the Cesáro mean of a subsequence of {u k j , j ≥ 1} converges to u in the space (W α/2,2 (D), · α/2,2 ) and so u ∈ W α/2,2 0 (D). Fatou lemma implies that C (α) (u, u) = 0 and so u is a non-zero constant. However it is shown in [6] that for α ∈ (1, 2), 1 / ∈ W α/2,2 0 (D), a contradiction. Thus we have established (2.3), which combines with the previously derived (2.1) proves (2.2) for α ∈ (1, 2) . 3. Second Approach. To help answer the question at the end of last section, the following approach to Hardy inequalities might be useful. In this section we assume n ≥ 3, and in Theorem 3.1 we will assume that for some s ∈ (0, 1), we have 
where C > 0 is the constant in inequality (1.2) that depends only on n and the constant c in the definition of ∆-regularity (1.1).
It is known from [20] or page 211 of [21] 
is the complex linear interpolation space between Banach spaces F 0 and F 1 with weight s. Let T be a linear map defined on W
and by the Hardy inequality (1.2) there is a C > 0, depending only on n and the constant c in the definition of ∆-regularity, such that
Therefore by the interpolation theorem on page 211 of [21] , T extends uniquely to
where C is the constant in (3.3). This proves the theorem. C(D, s) ) be chosen so that it depends only on D but not on s?
Using the same proof as above, we have by Proposition 2.2 the following Hardy inequality for killed symmetric α-stable process in D. Unlike the one mentioned in (1.8) under the uniform exterior volume condition, the following inequality is far from trivial, as we do not have any easy comparison between the killing measure density κ where E (α) is given by (1.6).
Applications.
The Hardy inequality obtained above for censored stable processes should have many implications on the study of censored stable processes. Here we just mention one.
Let D be a bounded Lipschitz domain. It was proved in [6] In [9] , the Hardy inequality will be applied, together with the Harnack and boundary Harnack inequalities established in [6] , to obtain sharp estimates on the Green functions of censored α-stable processes in bounded C 1,1 -domains for α ∈ (1, 2) .
The paper [13] by Fitzsimmons contains the equivalent characterization of Hardy inequality in the context of general symmetric Markov processes.
